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Abstract

In a previous paper, we showed how one can obtain from the action of a locally compact quantum
group on a type I-factor a possibly new locally compact quantum group. In another paper, we applied
this construction method to the action of quantum SU(2) on the standard Podles sphere to obtain
Woronowicz’s quantum E(2) In this paper, we will apply this technique to the action of quantum
SU(2) on the quantum projective plane (whose associated von Neumann algebra is indeed a type
I-factor). The locally compact quantum group which then comes out at the other side turns out to
be the extended SU(1,1) quantum group, as constructed by Koelink and Kustermans. We also show
that there exists a (non-trivial) quantum groupoid which has at its corners (the duals of) the three
quantum groups mentioned above.
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Introduction

This is part of a series of papers ([3],[2]) devoted to an intriguing correspondence between the quan-
tizations of SU(2), E(2) and SU(1,1), with the latter two groups being respectively the non-trivial
two-folded covering E(2) x Zy of the Euclidian transformation group of the plane, and the normalizer
of SU(1,1) inside SL(2,C) (which contains SU(1,1) as an index 2 normal subgroup). In a sense,
their duals form a trinity of ‘Morita equivalent locally compact quantum groups’. There then exists
a ‘linking quantum groupoid’ combining these three quantum groups into one global structure, and
it is important to understand for example the (co)representation theory of this object.

In this paper, we will treat the ‘groupoid von Neumann algebra of the linking quantum groupoid be-
tween the duals of SU,(2), E’q(2) and :9\(7(1(1, 1)’. This object consists of three ‘corners’, corresponding
to linking quantum groupoids of the pairs inside. The linking quantum groupoid between the pair
consisting of the duals of SU,(2) and Eq(2) was treated in [2]. However, we will give here an alterna-
tive description which is more in line with how a second linking quantum groupoid will be presented,
namely the one between the duals of SU,(2) and S’\Uq(l, 1). It is this linking quantum groupoid which
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will be the main object of study in the present article. The third linking quantum groupoid between
the duals of E,(2) and SU4(1,1) can then easily be obtained by a composition procedure, while the
global ‘3x3 linking quantum groupoid’ is simply the three separate linking quantum groupoids pasted
together.

Let us now describe these objects and constructions in more detail, beginning with providing some
more information on the quantum groups we mentioned. We note that all ¢’s which appear in this
article are real numbers satisfying 0 < ¢ < 1, and that we denote by Ny the set of natural numbers
with 0 excluded.

The quantum groups SU,(2), E,(2) and é\f]q(l, 1)

Of the above quantum groups, SU,(2) is the most well-known one, and the easiest to handle. It is
an example of a compact quantum group in the sense of Woronowicz ([20],[24]), and was introduced
by him in [19] as a ‘twisted’ or g-version of the ordinary SU(2)-group. It appears in different guises,
depending on what type of functions one considers on this quantum group: polynomial, continuous
or measurable. All of these viewpoints can be shown to correspond to the same ‘virtual object’ that
is SU,4(2), and the passage-way between them is easy to describe. In this paper, we will only need
the von Neumann algebraic picture, so we will state the definition in this context, even though this
is certainly not the most suitable way to present it. We first introduce some terminology.

Definition 0.1. A von Neumann bialgebra (M, Ays) consists of a von Neumann algebra M and a
faithful normal unital *-homomorphism Ay : M — MM satisfying the coassociativity condition

The following is a definition of SU,(2) on the von Neumann algebra level.

Definition 0.2. Denote I. = N, and denote by . the Hilbert space 12(11) ® I>(Z). Consider on it

the operators
a4 = Z V1i—¢?e 1 ®1,

keNg

b = (D ¢ ern) ®S,

keN

where the e;; denote the standard matriz units, and where S denotes the forward bilateral shift.

Then the von Neumann bialgebra (Z*°(SU,(2)),Ay) consists of the von Neumann algebra
L7(SU,(2)) = BUA(I)RL(2) < B(A),
equipped with the unique unital normal *-homomorphism
As s LE(SUL2) - L2(SUL2)BL™(SU,(2))

which satisfies
Ai(ay) =ay ®ay — bl @by
A+(b+) = b+ ®a+ + ai ®b+

This particular von Neumann bialgebra (Z*(SU,(2)),A) will in fact have some extra structure
which really qualifies it as ‘the space of bounded measurable functions on a (locally) compact quan-
tum group’, but we will not need this extra structure in this paper.



Of course, one has to verify that the above definition is meaningful. There are two ways of establishing
this: the first and more natural one is to introduce first SU,(2) in a different way (by considering
say its associated Hopf *-algebra), and then to use its extra structure (the existence of an invariant
positive state) to pass to the von Neumann algebra level, and to prove the equivalence with the above
definition.

A second way consists of finding a unitary which implements A, on the generators a, and b, . The
coassociativity condition will then automatically be satisfied, since it is satisfied on the generators
ay and by of £*(SU,(2)). This method is a lot more computational, and makes use of some non-
trivial g-analytic facts. However, it is this approach which is most suited for the purpose of this article.

Before introducing this method, let us first make some remarks on notation. We will use standard
notation for all things ¢ (see [6]). More precisely, for n € N u {0} and a € C, we denote

n—1

(a;q)n = [ [(1 = ¢¥a),

k=0

and
(a1,a2,...,am;@)n = (a1;Q)n(a2; On - - - (@m; On,

while we denote by s the basic hypergeometric functions. We also borrow the following notation
from [11].

Definition 0.3. The entire function z — ¥ ( Z | q, z), depending on the parameters a,b € C, is
defined as

a o (a5 9)n (b ) .
U 2] = y4)n ) 4 )00 1" §n(n—1)zn.
(5 1e7) P o

\If< Z Iq,z> = (b; )0 1901 ( Z Iq,z)-

We can now state the following Proposition. We refer to Appendix A for some information on how it
can be deduced from well-known observations in the literature.

Then if b € C\¢g~", we have

Proposition 0.4. Writing again I, = N, we denote by Pqt the following function on Iy x Iy x I,

P+( ) ( )pfw (p—w)(v—w) (q2w+2; q2)¥2 ( q2v+2 | 2 2p2w+2>
2\P, U, W) = (—¢q q 1/2 20—2w+2 q,q )
! (4% ¢2)ao (422, 2042 ¢2) 1) q

or equivalently,

L o2y1/2 2 )

(¢®"2, %1% ¢?) e B

qu(puvaw) = (—1)Pgr s (q2'q2)1/2(q2'q2)?;2 32 [¢%q” ) (1)
9 e8] ’ w

Then for r,s,t € Z and p € 1., the vectors

+ +
rspt Z Pq2 (p7 v, w)@v R eripw @ ey @ es pio

v,wel 4
v—w=t



form an orthonormal basis of . @ 7, = (I*(11) ® 1*(Z)) ® (I*(1,) @ 1*(Z)).
Moreover, denoting by Wy the unitary

W, @M - PL)QPRL)R A 6, — erQesRep@ey,

T7S7p7t

we have
Wil@z)We = AL (x), for all z € £*(SU,(2)) = BU*(1,))®L(Z).

Note that there is some freedom in the choice of the 5: spt if we only want them to implement the

comultiplication. However, the above form is the most natural one to choose.

Let us now move on to the quantum group Eq(2). Also this object was introduced by Woronowicz
(at least on the operator algebraic level, [21]), and is a g-version of the group of matrices

a 0
{<b a_1)|a,beC,|a|—l},

which has an alternative abstract description as the double cover of the group F(2) of Euclidian trans-
formations of the plane. Also in this case, one has a set of different structures to consider, depending
on which function algebra one is interested in. However, the passage between these structures, no-
tably between the algebra of polynomial functions and the algebra of bounded continuous/measurable
functions, is now not so straightforward as in the previous case. The main obstacles are the lack of
a well-behaved invariant functional on the purely algebraic level, and the necessity to work with
unbounded operators in the operator algebraic setting. This prohibits to treat the possible correspon-
dence within a general framework. For the particular case of E’q(2) however, things are still quite
well-behaved.

The following definition of E'q(Q) is essentially the one which appears in [21], but lifted to the von
Neumann algebraic setting.

Definition 0.5. Denote Iy = Z, and denote by % the Hilbert space 1?(Iy) ® [(Z). Consider on it
the unitary operator

apg=S*®1,

where S* denotes the backward bilateral shift (acting on the first factor), and the unbounded normal
operator by which has the linear span of basis vectors e, Q e as its core, with

boen®er =q"en Qepyi1, k.neZ.
Then the von Neumann bialgebra (XOO(Eq@)), Ag) consists of the von Neumann algebra
L*(E4(2)) = B(*(10))@L(Z) € B(A),
equipped with the unique unital normal *-homomorphism

Ao+ L7(Ey(2)) > L7(E(2))QL 7 (Ey(2))

which satisfies
{ Ao(ag) = ao @ ao
Ao(bo) = by ® ag+ag @ bo,

where + means ‘the closure of the sum of two unbounded operators’.



Also in this case, (£* (Eq(2)), Ap) carries extra structure which makes Eq(Q) eligible to be called a
locally compact quantum group.

As for SU,(2), it is of course not obvious on first sight that the above definition makes sense. But
one can again find a unitary implementing it: the following Proposition could in principle be deduced
from the results of [10], but we will give another argument in the main body of the text, based on
Proposition 0.4 and the results of [2] (see Proposition 4.2).

Proposition 0.6. Writing again Iy = Z, we denote by ng the following function on Iy x Iy x Iy:

_ ) (v— 1 0 B
P,?z (p,v,w) = (_q)P wq(P w)(v w)W\I/ ( q2v—2w+2 | q27q2p 2w+2) '
9 e}

Then for r,s,t € Z and p € Iy = Z, the vectors

0 0
gr,s,p,t = 2 Pq2 (pa v, w)ev ® Erip—w ®ey ® €s—ptv

v,welp
v—w=t

form an orthonormal basis of 6 @ 7 = (I*(Io) ® 1*(Z)) ® (I*(1y) ® 1*(Z)).
Moreover, denoting by Wy the unitary

Wo : Q@ M — (L) QUILZ) @ G : &, i — 0 Des @ep Q ey,

we have
WF(1®x)Wy = Ao(x), for all x € ,iﬂoo(ﬁq(Z)) = B(I*(1)))®Z(Z).

Finally, we have the locally compact quantum group E\Uq(l, 1) to discuss. A first question that im-
mediately comes to mind is: why :S'\(jq(l, 1) and not SU,(1,1)? This is because of the ‘no-go theorem’
of Woronowicz (cf. [22]), which says that SU,(1,1) simply can not exist as a locally compact quantum
group. This is not as bad as it sounds: due to a key observation of Korogodsky ([13]), it turns out
that a close companion to SU(1,1) allows a g-deformation into a locally compact quantum group,
namely the normalizer S’\lj(l, 1) of SU(1,1) inside SL(2,C). But one had to wait till [11] for the
first rigorous results that this object really existed in the operator algebraic framework (and more
particularly, fitted in the setting of [14]).

The presentation in [11] in fact started from a concrete unitary implementing the coalgebra structure,
because it turned out that the accompanying Hopf algebra structure was too weak to capture all nec-
essary information. Hence the treatment of this quantum group had a lot more g-analytic machinery
running in the background.

To state the definition of S’\(jq(l, 1), we first present some auxiliary notation as in the original paper
[11].

Notation 0.7. We denote I'7) = Z, 19 = Ng ={meZ|m<0}, and I_ = 194 I(:), the
disjoint union. We write p € I g p+ when we interpret it as an element in I_, and we write p for
an indeterminate element in {p+,p_}. We denote

c: 1 —Zy:py — £,

so that p = pe(p)-



The way in which we will present the definition is slightly different from the one in [11]. We again
refer to appendix A for more information on the equivalence between the two definitions.

Definition 0.8. Denote by Pq; the following function on I x I_ x I_: for p,v,w € {£}, we put

(_pQ)piw Uv-&-lq%(p-i-v—w)(p-i-v—w-&-l)

Pq_z(pp>vu7ww) = \/§
— — 1/2
(—pg 2", —vq *14>)3/ of VTP o
(A ow. 12 s 2w 2 | 4%, pwq .
(7% q")oo(—wq™2"; ¢*)o0

Denote s = 1>(I_) ®1*(Z). Then forpe I andr,s,t € Z, the vectors

r_,s,p,t = Z Pq_Q (p, v, W)ev Reripw®ewQes piy
v,wel_
v—w=t

c(v)e(w)=c(p)
form an orthogonal basis of - Q F_.

If we then define W_ as the unitary
W_ QM - PL)RQ(L)RA. {rspt > er®es@ep ey,

the application
- A_(z):=W(1Qx)W_

defines a von Neumann bi-algebra structure on .i”oo(rS\(jq(l, 1)) = B(I*(I.))R@ZL(Z).

We will not present here the associated (and incomplete) Hopf algebraic picture. We refer the reader
to the original paper [11] for this. However, it should be mentioned that the incompleteness of the
Hopf algebraic picture is in some sense related to the fact that in the operator algebraic picture,
certain ‘off-diagonal corner operators’ are introduced, namely the ones intertwining the I(f) and
I)-part. In the Hopf-algebraic setting, there is no trace of these. For this reason, we have some
doubt that :9\(7(](1, 1) should really be interpreted as a g-deformation of :S'\U(l, 1). Rather, it seems
to us that it is a ‘non-commutative blow-up’ of the ordinary SU(1, 1)-group (by changing C into the
Morita equivalent M3(C), in some vague sense). For this reason, it is perhaps better to stick with
Woronowicz’s nomenclature ‘extended quantum SU(1,1)-group’.

Connecting the quantum groups by means of a linking quantum
groupoid
We now come to the notion of a linking weak von Neumann bialgebra between these structures. A

general theory of such objects was treated in [4] (see also [2] for some motivation), but we will here
only present the essence of the structure for the situation at hand.

The observation is quite simple: consider the Hilbert spaces 574,74 and 2 introduced in the
definitions of the previous subsection, and form the direct sum Hilbert space 5 = 5 @ 54 P .,

T
which we may present in the column form | 54 |. Then we have a left action on this by the direct
A
sum von Neumann algebra
. ~ Z°(5U,(1,1)) 0 0
LP(SU(1,1) @ ZL7(Eq(2) @ L (SUq(2)) = 0 Z(E,(2)) 0
0 0 L*(5U4(2))



But the definition of the von Neumann algebras of these quantum groups immediately suggests how
this pattern can be completed at the non-diagonal entries: simply define

Z(u,v) = BP(L), *(1,))@Z(Z),

where p,v € {—,0,+}, and with the I, defined in the definitions of the previous subsection. Then
the £ (u, 1) coincide with the Z*-von Neumann algebras of our respective quantum groups, while
we now also have the action of

X(_v_) z(_ 0) f(—,—i—) S
Q= Z0,-) 20,00 Z(0,4+) on H
L+, =) Z(+0) Z(+,+) Ky
(We want to stress however that the £ (p,v) for p # v are not von Neumann algebras, only Hilbert

W#*-bimodules!)

The next objective is then to generalize the comultiplications of the diagonal entries £ (u, u) to
the off-diagonal parts. Also this is easy to do given all the structure at hand. To introduce this
comultiplication, let us first remark that by the notation Z(u,v)®.Z(u,v), we mean the o-weak
closure of the algebraic tensor product of these two spaces inside B(J%, ® 44, 7, @ ). We can
then collect all these tensor products together in a balanced or ‘C3-fibred’ tensor product of Q with
itself:

z(_v _)®$(_7 _) ( ) )®$( 70) g(_7 +)®$(_7 +)

Qx*Q:= Z0,-)®Z(0,—) Z£(0,00£(0,0) Z(0,+)@Z(0,+) |,
L+, )L (+,-) Z(+,000Z(+,0) ZL(+ +)@Z(+,+)

H QI
which is a unital von Neumann subalgebra of B | 84 ® 54 |. The von Neumann algebra @Q * )
I @ A
can also be identified with a corner of the tensor product Q®Q, namely with h{QRQ)h, where h is
the projection
h=1_®1_ +1)®1g+1,®1,,

the 1,, denoting the units in £ (u, it). (It is clear how to form then the triple fibred product @ = @ * Q
etc.)

We can now define the comultiplication maps A, on the off-diagonal parts: they are given by
AMV : g(ﬂa”) _)g(l’L?V)®$(M7V) L= W:(1®x)WV7

where the W, were defined in the definitions of the previous subsection. Of course, one must prove
that A, has the above range, but this is not so difficult to establish in a direct manner (see e.g. the
proof of Proposition 3.8 in [11]). We can further collect these maps together into a map

Ag:Q - QxQ < QRQ

by the formula

T T T_4 A__(z__) A_og(x_o) A_j(z_y)
A(| @o- oo wo+ )= Ao-(zo-) Aco(zoo) Ao+(zo+) |,
LTy— T40 T4+ A (z4-) Asolzro) Avi(z4s)

where x,,, € Z(p,v). This map is then obviously a faithful normal *-homomorphism by definition of
the maps A,,,. Whether it is unital depends on the precise choice of range: if one takes () * ) as the

7



range, then the map is unital; on the other hand, if one chooses Q®RQ as the range, then it is not.
This is simply because the unit of @ * @ is the projection Ag(1) = h of Q®E which we introduced
above.

We can now state one of the main observations in this paper.
Theorem 0.9. The comultiplication Ag : Q — QR is coassociative.

Using the terminology of [1] in the von Neumann algebraic setting, this will qualify (Q,Ag) as a
weak von Neumann bialgebra. Because of its particular structure, we call it a (3% 3-)linking weak von
Neumann bialgebra (see [4]). It can be interpreted as (the groupoid von Neumann algebra pertaining
to) a kind of quantized groupoid with three classical objects and the duals of the quantum groups
SU4(2), Eq(2) and g\(jq(l, 1) as its isotropy groups. This is also the reason why we then call these
duals ‘Morita equivalent quantum groups’, as the previous description is closely related to how Morita
equivalence between (classical) groupoids is defined by means of a linking groupoid. See again [2] for
some more intuition behind these concepts.

Projective corepresentations

We now comment on the way we prove this Theorem. Our method is not straightforward, and in
fact, we must admit that we have not even tried very hard to prove Theorem 0.9 by direct means.
This is because we hope that our method, though roundabout, is much better suited for generalization.

The main idea to prove Theorem 0.9 is the following. We first make the apparently unrelated and
easy observation that for a locally compact group G, there is a close connection between actions on
(separable) type I-factors on the one hand (i.e., actions on von Neumann algebras of the form B(.7¢)
for some (separable) Hilbert space ), and (measurable) unitary 2-cocycle functions on G on the
other. Indeed, given such an action, one can choose for each group element a unitary implementing the
associated automorphism, and this will then provide one with an Q-projective representation for some
unitary 2-cocycle function € (which can be taken to be measurable if the unitaries are well-chosen).

The philosophy is now that in the quantum setting, the proper gemeralization of a 2-cocycle function
is a (2% 2-)linking weak von Neumann bialgebra. Indeed, we showed in [4] that, given any coaction of
a von Neumann bialgebra on a type I-factor (which we then called a projective corepresentation, see
section 1 of the present article), one can construct from this a linking weak von Neumann bialgebra
(uniquely determined up to isomorphism). Observe that we started with one von Neumann bialgebra,
but that a linking weak von Neumann bialgebra has two von Neumann bialgebras inside. Indeed,
the other von Neumann bialgebra is ‘hidden somewhere’ in the projective corepresentation! This is
a generalization of the notion of twisting a von Neumann bialgebra by means of a unitary 2-cocycle.
(In fact, our main example will arise from a genuine 2-cocycle twisting, but in a non-natural way. We
will therefore not emphasize it in this paper, but refer to Proposition 4.3 of [4] to see the connection.)

The main observation then is that for SU,(2), there are two very natural such projective repre-
sentations, namely by considering the action on either the standard Podles sphere, or on a certain
Zs-quotient of the equatorial Podles sphere (which can be interpreted as a quantum projective plane,
[8]). Indeed, one can show that the von Neumann algebras associated with these quantum homoge-
neous spaces are both type I-factors. Thus one can consider their associated 2x2-linking weak von
Neumann bialgebras, and combine them (by a composition procedure) into a 3x3-linking weak von
Neumann bialgebra. This will turn out to be precisely the object described in Theorem 0.9, hence
proving the claimed coassociativity property in an indirect way.



Of course, with this discussion alone, it is not clear why one should expect the quantum groups Eq(2)
and fS\(jq(l, 1) to pop out of these constructions. In fact, we are not sure if one can figure out a priori
precisely which quantized Lie group will appear, but one can get some information on its associated
quantized Lie algebra. Indeed, in [3], an infinitesimal picture was presented of a dual version of the
object (Q,Ag). This is in fact how we discovered the possibility to ‘deform’ or ‘twist’ SU4(2) into
the other two quantum groups (see [3] for some more information, and for the link with actions on
quantum homogeneous spaces).

It is our hope then that this method will allow us to obtain locally compact quantum group versions of
g-deformations of some higher-dimensional Lie groups. (We are allowed to use the terminology locally
compact quantum groups, which correspond to von Neumann bialgebras with invariant weights, by
Proposition 3.7 of [4].) Indeed, the fact that as complicated a quantum group as g\ﬁq(l, 1) can be
obtained from this procedure, gives good hope. We want to stress that the advantage of this method
is the following: actions of a compact quantum group, even on a type I-factor, can be described in a
purely algebraic way. Then our general principle gives for free a new locally compact quantum group
(and a linking structure), and the difficult analytic computations are relegated to an identification
problem, not an existence problem. However, at the moment of writing, such generalizations have
not been attempted yet, so it may well be that we are looking at an isolated phenomenon in the
setting of quantum Lie groups (though it should be mentioned that on the infinitesimal level, the
higher-dimensional analogues are very easily obtained).

Contents of the paper

In the first section, we will state the main facts concerning the theory of projective corepresentations
of von Neumann bialgebras (taken from [4]).

The second section begins with some preliminaries on the action of SU,(2) on the so-called ‘equatorial
Podles sphere’ and on the quantum projective plane (we take [8] as the reference here, since both these
objects are treated there together, and moreover the same conventions as ours are used). We then
present the spectral decomposition of the action of SU,(2) on the quantum projective plane (but rel-
egate the proof to appendix B), and find in this way a concrete unitary which ‘implements’ this action.

In the third section, we apply to this action the ‘projective corepresentation = linking weak von Neu-
mann bialgebra’ construction we explained in the introduction, and show that the resulting object
coincides with a 2x2-corner of the structure described in Theorem 0.9. In particular, this will show
that this 2x2-corner has indeed a coassociative coproduct.

In the fourth section, we revisit some of the material of [2] to show that another of the 2x2-corners
of the object in Theorem 0.9 has a coassociative coproduct. We then end this section with the proof
of Theorem 0.9.

In Appendiz A, we show that the definitions of SU,(2), Eq(2) and S’\(jq(l, 1) we gave in the introduc-
tion are equivalent to the usual ones. In Appendiz B, we carry out the computation of the spectral
decomposition of SU,(2) on the quantum projective plane. In Appendiz C, we prove some summation
formulas for basic hypergeometric functions which were used in the article.

Conventions and notations

By N, we denote the set of natural numbers with zero included. By Ny, we mean N\{0}. (This is
important to mention since another convention is followed in [11]!)



We will mostly work with Hilbert spaces of the form [2(I), where I is an index set. We then denote
by e; the canonical basis vectors, and by e;; the corresponding canonical matrix units in B(1%(I)). We
denote by w;; the normal functional {e;, - e;) on B(I*(I)) (we assume linearity in the second factor).
When we write e;; or e; with i or j ¢ I, the element is interpreted to be zero.

The spatial tensor product between von Neumann algebras is denoted ®. The ordinary tensor prod-
uct between Hilbert spaces is denoted as &®. The algebraic tensor product between vector spaces is
denoted as ©.

When A € B(sA, #) and B € B(.,.743) are linear spaces of maps between certain Hilbert spaces,
we will denote B - A = {3 | bia; | n € No,b; € B, a; € A}.

We use the leg numbering notation for operators on tensor products of Hilbert spaces, as is customary
in quantum group theory. E.g., if Z : 5#%? — #®? is a certain operator, we denote by Z;3 the op-
erator %3 — %3 acting as Z on the first and third factor, and as the identity on the second factor.

In many formulas, we will use the notation + and F. This means that such a formula splits up into
two formulas, one in which every + is replaced by + and F by —, and one in which + is replaced by
— and F by +.

1 Projective corepresentations

We already used the terminology ‘projective corepresentation of a von Neumann bialgebra’ in the
introduction. Let us be a spell out the definition.

Definition 1.1. Let (M,Aps) be a von Neumann bialgebra, and 7 a Hilbert space. By a (unitary
left) projective corepresentation of (M, Ayr) on J, we mean a coaction

a: B(#) — MRB(),
that is, a faithful unital normal *-homomorphism satisfying the coaction property
(L®a)a=(Ay®i)a.

For the applications in the subsequent sections, we will always have .7 = [?(N) (in a ‘natural’ way).
For the rest of this section, we then fiz a von Neumann bialgebra (M, Ap) and a left coaction « of
(M, Ayr) on B(I3(N)). We further assume that M is represented on a Hilbert space £ in a normal,
faithful, unit-preserving way, so that we may identify M < B(X).

The following notion was introduced in [4].

Definition 1.2. Denote % = a(eqo)(# ®I12(N)). The unitary

G: A QPN - I QP(N): £ = ) (alen)s) ®e;

i€l
will be called the implementing unitary of «.

It is easy to see that the above map G is indeed a well-defined unitary. Its adjoint is given by

G*: ZQIEN) » A QI*N) : £®6; — alep)t.
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For any x € B(I?(N)), we then have
G*(1®z)g = a(x),
which follows most easily if one takes z a matrix unit. We also note that the matrix coefficients of G

may be interpreted as Clebsch-Gordan coefficients of a.

Remark: For the purposes of this section, it will be convenient to keep .# the concrete Hilbert space as
given above. However, in the later applications, it is more suitable to ‘reparametrize’ .Z, i.e. to take a
unitarily equivalent copy. In this paper, this will not cause any difficulties. However, we remark that
taking a different parametrization inside the same Hilbert space has some representation-theoretic
consequences (see [4], Proposition 3.5).

Notation 1.3. We denote N € B(#,.%) for the o-weak closure of the linear span of the set
{(t®wo)(G)m |ie Nyme M} € B(#,.7),

i.e. the o-weak closure of the right M -module generated by the elements in the first row of G. We
denote O = N* € B(Z, ") for the space of adjoints of elements in N. Finally, we denote by P the
o-weak closure of the set O - N € B(.%).

By definition, N is a right M-module. It is further easy to compute that
(t ®woi)(G)*(t @wor)(G) = (L @wik)((en)) € M, foralli,keN,

so that O - N € M < B(#"). We then also have that N - O € B(.¥) is a *-algebra, and hence P is a
von Neumann algebra.

The following was proven in [4], Proposition 3.6. The proof is not very hard, and follows quite
immediately from the two distinguishing properties of G, namely its unitarity and the fact that it
implements a.

Proposition 1.4. Write QQ for the space
P N 54
(o a)=n(%)

Then @ is a unital von Neumann subalgebra of B((
in & and O - F is norm-dense in K .

j/ )) Moreover, we have N - % is norm-dense
1p 0
0 O
(between P and M), in the sense that both e and (1 —e) are full projections (i.e. O- N and N - O are

o-weakly dense in respectively M and P). We will occasionally write the components P, N, O, M as
Qij7 Zv] € {172}

The final properties imply that (Q,e), with e = , will be a linking von Neumann algebra

We now show that the von Neumann algebra @) of the previous Proposition is endowed with more
structure, namely, that it carries a coassociative comultiplication. For the proof of the following
Proposition, we again refer to [4], Proposition 3.6.

Proposition 1.5. Let G be the unitary implementing the projective corepresentation o : B(I2(N)) —

M@B(2(N)), and let Q = ( PN

o M > be the von Neumann algebra as constructed above.
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Then G € N®B(12(N)), and, denoting

PP NN IRQI
Q+Q= < 080 M@M ) gB(( KON ))’

there exists a unique unital, normal, faithful and coassociative *-homomorphism I'g : Q — Q *Q such
that T'g(Qs5) S Qi;®Qij, such that the restriction of I'g to M coincides with A, and such that,
denoting by I'y the restriction of I'g to N, we have

(I'n ®)(G) = G13Gas.

The previous Proposition thus shows how the coaction a of (M, Ays) on B(I?(N)) has given rise to
a linking weak von Neumann bialgebra (Q,I'g) (see Definition 0.3 of [4]), and in particular to a new
von Neumann bialgebra (P,T'p) = (Q11,'11). It is this construction method which we explained in
the introduction.

In this paper, the projective corepresentation o under consideration will be the restriction of another
coaction &. The following discussion is devoted to the extra structure that will be present in this case.

Consider the von Neumann algebra B(I*(N)) @ B(I?(N)). We can identify it with C(Z2, B(1*(N))),
the space of functions from Zs to B(I?(N)), where we will write Zy = {—, +} for convenience. We can
then consider the following maps: the projection maps obtained by evaluation,

re s BIA(N) @ BUA(N)) - B(2(N) : z — 2(+),
and the diagonal embedding map
d: B(I*(N)) - B(I*(N)) @ B(*(N)) : x - d(z) = s D .
Then my od =7 od = tp(;2(vy)), the identity map. We also have the flip map
o : B(I*(N)) @ B(I*(N)) » B(*(N)) @ B(’(N)) : 2 @y > y Dz,

which induces an action of Zs. Then d(B(I?(N)) consists precisely of the fixed elements for o. We will
further write e,(J) =0®ey and e,(J) = e, @0, and similarly for the units in these fibers: 1M =01
and 107 = 1@0.

We will now assume that the von Neumann bialgebra (M, Ajys) has a coaction
& : B(I*(N)) ® BU*(N)) » M@(B(I*(N)) @ B(*(N))),
which is equivariant with respect to o:
doo=(1Q®o)oa.

Then it is clear that & restricts to a coaction of M on d(B(I*(N))). We then further assume that our
given coaction a on B(I?(N)) and the restriction of & to d(B(I>(N))) coincide by the isomorphism
d: B(I*(N)) — d(B(I*(N))):

adod=(®da.
Notation 1.6. We denote

d+ = (L ®m4)d : C(Zy, BI3(N))) - MRB(I*(N)).

12



For the following Proposition, recall that we use the notation G for the projective unitary corepresen-
tation associated with a (Definition 1.2), the notation .# for the space a(ego)(# ®12(N)), and the
notation (P,T'p) for the von Neumann bialgebra as constructed in Proposition 1.5.

Proposition 1.7. Denote
e=a,(1M — 10y e MRB(I2(N)).

Then there exists a self-adjoint grouplike unitary e in P such that € = G* (e ® 1)G.
Recall that the group-like property means that I'p(e) = e ® e.

Proof. Denote
<~ ()
P+ = dx(egy ),
B = (efy)),

then p; and p_ are orthogonal projections summing to a(egy). In particular, p; < «af(egp), and
hence they correspond to projections p+ in B(.#) by the formula p+ = G*(p+ ® egg)G. Since p+ €
M®B(1%(N)), we actually have

pr= ), (1®@wn)(G)(t@wi) (1) @wn(G))* € P.

k,leN

Then e := p; — p_ is a self-adjoint unitary in P. We prove that it satisfies the conditions above.
Write ¢4 = &, (1(+)). Then we have, for £ € £?(M) ® I*(N):

G*(p+ ®1)G¢

G*(pr ® 1) Y (ale0i)§) ®e;

%

= G*(p+ ®1) (@1 (d(e0)))) ®ci

i

= g° Z 600 6’01 "‘e(()?)))f)@ei

- ¢ Sati 0 o

%

= Z a(@“)(&Jr(e(;r))é)
_ 2a+ (+)
= Q+f-

This proves that € = G*(e ® 1)G.

We now prove that e is grouplike. First, we compute that

(Fpe) ®1)G13G2s = (I'p(e) @ 1)(I'ny ®@1)(G)
Iy ®)((e®1)G)

(I'n ®1)(Ge)
G13G23(An ® 1)(€).

13



On the other hand,

(e®e®1)G13G23 = ((e®1)G)13((e ®@1)G)a23
(G€)13(G€)23
= G13€13G23623

= G13G23(t ® ) (€)ea3.

So from the above two computations, we see that it is sufficient to see if

(L@ a)(@)é2s = (A ®1)(@),

i.e. that €is an a-cocycle. Bringing €3 to the other side, and writing out the expressions with use of
the coaction property (1 @ &)& = (Ay; ® 1)@, this becomes, writing f = 1(H) — 1)

(t®@a)(@4(f)) = (@a ) (@)1 ® [)).
Now
(@) (d+(f)) = (L ®@aL)((t @ d)as(f)),
so it is sufficient to prove that
®d)ar(f) =a(fH1®[),

which is equivalent with the identity &, (f) = —a_(f). But this follows immediately from the
equivariance of & with respect to o, and the fact that o(f) =
[

It is convenient to split up G with the aid of the projections constituting the group-like element e
above.

Notation 1.8. Let & be a o-equivariant coaction of M on B(I1*(N)) @ B(I12(N)) which restricts to o
as above. Let e € P be the group-like element of Proposition 1.7, and write e = p. — p_ with py and
p_ orthogonal projections in P. Then we write

¢ = (p+ ®1)G.
It is clear that G(¥) are then isometries with range (p4+.#) ® I*(N). Let us record the following fact.

Lemma 1.9. Using the notation from Proposition 1.5 (with respect to «) and the Notation 1.8, we
have that G e NQB(I12(N)) and

Ty ® )6 =gPglH) 1 ¢glD.

Proof. As p+ € P, it is immediate that G*) = (p+ ®1)G € N®B(I*(N)). Moreover, as e is a group-like
element in P, it follows that
Ip(pt) = p+ @ps +p-@p-

and
Lp(p-) =ps @p- +p-@ps.

AsTn(zy) =Tp(z)I'n(y) for z € Pand y € N, and (I'y ®¢)G = G13Ga3, the formula in the statement
of the Lemma follows.
U
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2 On the action of SU,(2) on the quantum projective
plane

2.1 The equatorial Podles sphere and the quantum projective plane

In [2], we showed how one can apply the theory of the previous section to the action of SU,(2) on
the standard Podle$ sphere (i.e. the one which arises as the quotient space by the S!-action). In this
paper, we will need to consider another Podles sphere, namely the equatorial one (which is the other
extreme point in the moduli space of Podles spheres). Let us recall the definition in the version which
will be of most use to us. The equivalence of this definition with the ordinary one as a universal object
can be found for example in [8]. We also refer to that paper for the notion of the quantum projective
plane (note that this ‘projective’ is unrelated to the one of the previous section!). We will keep using
the notations s,d and 74+ we introduced near the end of the previous section.

Definition 2.1. Denote by Y& and W) the following operators on I2(N):

YE =+ 3 /1— g% e,

keNg

w&E) -+ Z q% €kk-
keN

Consider then Y, W € C(Zs, B(I*(N))) = B(I*(N)) ® B(I*(N)), with
Y(u) =YW,

W () := W,

Then the unital C*-algebra C(Sgoo) generated by Y and W is called the space of continuous functions
on the equatorial Podles sphere Sgoo.

The Zg-action o on C(Zg, B(I1*(N))) restricts to an action of Za on C’(Sgoo), given on the generators
as o(Y) = =Y and o(W) = —W. We denote the space of Za-fized elements as C(RP}), and call it

the space of continuous functions on the quantum projective plane ]RPqQ.

It is well-known that SU,(2) has a natural ergodic action & on Sgoo. Since it commutes with the
Zs-action (see e.g. Remark 4.2 in [8]), we then also have an ergodic action a of SU,(2) on RP,(2).
Now in Lemma 6.5 of [18], it is shown that the ensuing SU,(2)-invariant state & on C' (Sgoo) is obtained
by applying the functional

B(r) = @ (@(+) + w(z(-)))

on C(S3,,) € C(Zy, B(I*(N))), where w is Tr(- D) with D the trace class operator (1 — ¢?)Diag(q%").
From this, and the fact that C’(S’goo)” = O(Za, B(1?(N))), it follows that the von Neumann algebra
L*(S2y) = 7e(C(S55))", with 7y the GNS-representation, may be identified with C(Zy, B(I*(N))),
in such a way that 75 (Y") and 75(W) coincide with respectively Y and W.

It then also follows that XOO(RPqQ) = W@(C(RPf))” may be identified with B(I?(N)) = d(B(I*(N)))
C(Zs, B(I*(N))), the space of constant functions from Zs to B(I*(N)).

As it is well-known (and easy to show) that any ergodic action of SUy(2) on a C*-algebra can be
completed to a coaction of £*(SU,(2)) on the von Neumann algebraic completion of the C*-algebra
in its GNS-representation with respect to the action-invariant state on it, we then obtain, from the
ordinary algebraic definition of the actions of SU,(2) on the equatorial Podle$ sphere (cf. [17],[16])
and on the quantum projective plane, the following von Neumann algebraic descriptions.
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Definition 2.2. We denote by & the unique coaction of £*(SU4(2)) on £*(S3) = C(Z2, B(I*(N)))
such that
AY*) = (@5 )?RY* —q(1+¢*)a*b, W — gb2 @Y.
AW) =a*b* @Y* + (1 — (1+¢b*b) W +bras ®Y,
A(Y) = —q(b1)’@Y* —q(1 + ¢*)blay @W + a3 ®Y,

This coaction is then Zo-equivariant.

We denote by o the restriction of & to a coaction on £*(RP}) = B(I*(N)) = d(B(I*(N))).

Note then in particular that « is a coaction of the form treated in the final part of the previous section.

2.2 Spectral decomposition of the SU,(2)-action on the quantum
projective plane

In the previous section, we showed that the action of SU,(2) on the quantum projective plane RPqQ
gives rise to a coaction

a: B(I2(N)) —» £%(SU,(2))®B(1*(N)),

which is hence a projective corepresentation of £*(SU,(2)) on [*(N) in the terminology of Definition
1.1. In this section, we want to find an explicit description of the associated unitary G which we
introduced in Definition 1.2.

Denote again by e(()g) and e(()a) the matrix units at position 00 in resp. the + and — fiber of B(I>(N))®

B(I?(N)). Then e(%) are precisely the spectral projections at eigenvalue +1 of W. Hence to determine
a(egp), we should try to determine the eigenvectors for 1 and —1 of & (W), using the notation
introduced at the end of the previous section (Notation 1.6). To make the enunciation of the following
Proposition and subsequent ones more succinct, the following notation, extending the one in Notation
0.7, will come in handy.

Notation 2.3. We denote J(H) = I(_+) for the set Z. We denote J(7) = —I(:) — 1 for the set N. We
denote by J the disjoint union J = J) 1 JO),

We then use the same notational conventions for elements in J as for elements in 7_.

Proposition 2.4. The spectrum of the operator & (W) equals {£¢*",0 | r € N}, with 0 not occurring
i the point spectrum.

For r € N, an orthonormal basis for the eigenspace of +¢*" is given by the vectors éﬁf) with p,t € Z

and p+r e JE) | determined by the formula

0
gﬁff) = Z Qq2 (piv T, TL) en Qe n® €p+n € %Jr ® ZQ(N)v

n=0
with
_ 1/2
_ n(n-1) (+q2p+2r+2; q2)n(q4p+4n+4; q4)oo
Qg (pt,mn) = (Fq)' (£1)"q 2 172 1/2 1/2 1/2
(Fq2 242, g2 (g% D) (-1 ) (@ )l

. q—2n q—27" iq—2p—2n | 9 o
392 $q72p72n72r 0 9,9 |.
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The proof of this Proposition will be presented in Appendix B.

Now denote by .¥ = #(_; 1} = 4 + .1 the range of the spectral projection of & (W) associated
with the set {—1,1}. This then equals the range space of a(egp). Further recall that I_ denotes the

set I(f) L I(:) = Z u Ny . Then, by the above results, we can define a unitary map
w: I - A =PI QPZ) 6T — ¢E) | @ epye,
(+)

where we recall that e;; * = e, forme I .

In the following Proposition, we will again use the notation I, = N.

Proposition 2.5. The map
G: A @EN) > @A QPN : ) - B ®ep . ®e
defines a unitary, and (u* ® 1)G coincides with the unitary constructed in Definition 1.2.

Proof. The fact that G is a well-defined unitary is of course immediate by the previous Proposition.

Then, from the way &4 (Y ™) acts on the non-normalized eigenvectors 77£ ) in the proof of Proposition

2.4 (see the identities (4), (5) in Appendix B), we have, for r e N, t € Z and p € J&E) | that
G (u®1)&; (t’p) ®e = G* 6(—?—1 ®eprt Qe
£(t+27‘,p—7‘)

= gD AL (YW )el

= (gl ) e W)yl
= aleq) (()ff)’

which proves the Proposition. ]

As mentioned in the first section, we may treat G itself as the implementing unitary of «, as the
unitary u only serves to reparametrize the Hilbert space a(eg) (7, ® I?(N)).

Now further denote
e PI)®P(Z) - PUINQP(Z) : e @e — +elP @¢,

and denote Py = (1 £ ¢) and
g = (P ®1)G.

Then e is precisely the self-adjoint unitary which appeared in Proposition 1.7, so our notation is
consistent with the one introduced in Notation 1.8. It is then also easy to see that

GHa,L (W) = +(1e@WH)gH),
G, (V) =21 @Y H)gH),

Hence

Q
&
SN
L
I
H-

(1@ zthgH), for all z € ,2”00(5300).

Write now

o
2 7(: ® ers

as a o-weakly converging sum, where gr,g P ®12(Z) — 1P(1Y IS )) ®12(Z).
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Proposition 2.6. Forne N,k € Z, we have

25+ 2r—2n+2 )1/2( 2n+2

1 n(n—1) (Fq i q q 1 q
en @ e = —(Tq) (£1)"q" 2
V2 (F2+2+2, ) 2 (g% 40 (g% ¢y

—2n —2r —2s
q q *q 2 2\ (£
T 32 ( q72572r 0 | q,9 > 67(1—)r—s—1 ® Ch—rts-

II1.11) of [6], we have

)1/2

%3

+

—

Remark: Using transformation formula

—2n —2r —2s —2n —2r —2s
q q —-q 2 2 q —-q q 2 2
3¥2 < q72372r 0 | q,q ) = (_1)71 3¥2 < q72372r 0 | q,4 ) .

Hence we can also write

211/2¢ onya. 2y1/2
1 n(n—1) +q23+2r 2n-i—27 q q n .q
6De, @er = —=(Fq)"q 2 ( BLAl BE:

V2 (F2+2r+2,¢2) 2 (g% 40 (g% ¢4

—2n —2r —2s
q *q q 2 2\ (4)
T 392 ( ¢q72372r 0 | q,4q ) Cn—r—s—1 ® Ck—rts-

Proof. We have that for ne N, k,l € Z and m € I(_i),

(e, 6 en@er) = () @a®e, G e, @er@e,)
(GNP @e@er, en®ep ®es)
<§Tl+27"+m+1 ,—m—r—1) en ® ex ®65>

(hbm,s= n)v n®ek®es>

= 5mn r—s— 15lk 7’+s<§

The Proposition then follows immediately by the concrete form of the ‘fﬁff ) given in Proposition 2.4.

O]

Definition 2.7. We define the following operators:

Loy : X(Iy) ®1(Z) » (L) @ 2(Z) : en®@ep — (42242 en O ey,
ap : PI)®12(Z) - P(Io) ®I*(Z): e, ®ep — en 1 Qex,
n(n+1)
LY P(I)®P2) > P ®P(Z): en®ex—q 7 (Fa 2D e @,
fo BUIO®BREZ) - RI)®RZ): e @er — (1) el @ ep.

Note that the map Lo also appeared in [2] (and [23]).

Definition 2.8. For r,s € N, we define polynomials Kﬁf) as follows:
—2min{r,s} _ ,—2min{r,s}
+ q q 2 2
KD(z) = 201 ( L2l |a”.q :C) :
Proposition 2.9. For s > r, we have
25—2r+2.

i]‘ s 1 r—S T+S q47q 1/2 q 7q2 r+s * S—T
G (ﬂ)qx )@+ +1>E : ;1/2( i o [ () grest p Lo KD (50,
q ?q r !

For r = s, we have

1/2( 2r—25+2. q2)

Gt = (£1)" ED” - Heserrn) (@ a7 (£g
’ V2 (¢ q );/2 (g% q")wo

D S an st Ly K (54 b)(—qb*)

)
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Proof. For s > r, we have, by applying the transformation formula (IIL.6) of [6] with respect to ¢ 2"

as the terminating factor, that
—2n —2r —2s
q q *q 2 9
392 ( -, —28—2r 0 |q »q ) =
25—2r+2. 2 _ _
(_ 2r72n)r(iq ST 4 )T‘ q 2 —q 2r | 2 2n+2
q (F¢2+2; ¢2), 2¢1 2522 q.q )
while for > s, we have, applying transformation formula (II1.6) of [6] with respect to ¢
terminating factor,
—2n —2r —2s
q tq q 2 9
3¥2 < $q72572r 0 | q,q ) =

(_q2572n)s (iq2r_2s+2;q2)8 201 q725 _qus |q2 q2n+2
($q2r+2; q2)s tiT—Qs—i-Q ’ .

Then with the above transformation formulas at hand, the Proposition follows straightforwardly from

25 as the

the formulas for gﬁ};) in Proposition 2.6 and the remark following it. O

Remark: 1t seems odd that in the formula for gﬁ,i;), an extra ‘parity operator’ f appears when switching
from r > s to s = r. We have no real conceptual reason to explain this phenomenon.

3 Identification of the reflected quantum group

In the previous section, we found an explicit description of the unitary G implementing the projective
corepresentation a of £*(SU,(2)) on B(I*(N)) = .ZOO(RPQQ). As G was defined as a unitary from
Ky =1P(1) ®12(Z) to A =12(I_) @1%(Z), we will have that the space N for G, introduced in the
Notation 1.3, will be a subspace of B(3;, 7).

Lemma 3.1. The equality N = £ (—,+) holds.

Proof. We recall that Z(—, +) was just the space B(I*(1.),?(I_))QL(Z) < B(H#,.,#.). As it
is immediately observed from Proposition 2.6 that all G, = Qé;) + QS;) commute with 1 ® .S,
with S the bilateral forward shift on [*(Z), it follows that Gy, S Z(—,+) for all r € N. As
L*(SUL(2) = L(+,4) = B(I*(14))®Z(Z) by definition, and N is generated by the Gy, as a
right .Z(+, +)-module (again by definition), we obtain the inclusion N € .Z(—, +).

Now, using the notation introduced at the end of the previous section, we have géf—;) € N by Lemma
1.9. Take p € N. It follows then from Proposition 2.6, that géfo) (epo ® 1) is a non-zero scalar multiple

of the matrix unit e,_1), ¢ ®1 in B(J;, #.), while g(()i)(eoo ® S~P) is a non-zero scalar multiple of
the matrix unit e(—p-1)1,0® 1. So N contains all matrix units of the form epo® 1, for p € I_. As
N is by definition closed under right multiplication with elements in .Z(+, +), it follows that indeed
N =2(—,+). O

It then follows immediately from this Lemma that the linking von Neumann algebra ( g Z )

associated with G, using again Notation 1.3, equals precisely the {—, +}-part of the von Neumann

algebra ) in Theorem 0.9, i.e. ( g 5\\2 ) = ( ﬁg;::; ﬁgljii ), with in particular M =
L*(SU,4(2)). We also recall that we denoted by I" and Iy, (or I'az, 'y, . . .) the comultiplication and
its constituents on ), as obtained by the method explained in Proposition 1.5. Further recall that we

defined another collection of maps A, on Z(u,v) in the discussion preceding Theorem 0.9.
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Proposition 3.2. The comultiplications A, and Ty, coincide for p,v e {—, +}.

From this Proposition (and from Proposition 1.5), it will then immediately follow that the A, for
w,v € {—,+} are coassociative. In particular, as we will not actually need to use that A_ is coas-
sociative, this will give an alternative proof for the coassociativity of the comultiplication A_ on
foo(g’\qu(l, 1)) (first established in [11]).

Proof (of Proposition 3.2). The fact that I'; ; = A, the natural comultiplication on .Z*(SU,(2)),
was part of Proposition 1.5.

Further, as Z(+,—) = Z(—, +)*, and Z(—, +) - ZL(+, —) is o-weakly dense in .£(—, —), the equali-
ties A__ =T__ and A;_ =T';_ will immediately follow from the equality A_y =1"_,.

But A_i(zy) = A_i(2)A14(y) and T_(ay) = T_ ()14 (y) for all elements x € Z(—,+) and
y € Z(+,+). So we see that it is sufficient to prove, for p € I, that Ax(epo ® 1) = I'n(epo @ 1).
As both these expressions vanish on §rspt for p € Ny, it is already sufficient to prove that, for
pel =ZuNy andr,s,teZ, we have

Tn(epo @ 1ET 04 = Erspit-

Using the formulas for the G, s in Proposition 2.6, we see that for p e N,

1 1, (_q—2p+2.q2)1/2( 2p+2;q2)1/2
g(g:g)(ep(] ®1) = qup(p 1) ( q ; )1/2 0 e(p,1)+70 ®1
and
L (¢ P

g(()j;)(eoo ®1) = Lo®SP.

\/§($q2p+2. 2) /2( 4'q4)1/2 €(=p-1)

Then since, for m,n,p € N and r,5,t,k € Z, we have T} | (e ® SF)ET rspt = Onp rsmHk by
Proposition 0.4, and I'y(zy) = I'n(2)T'm(y) for 2 € N and y € M = L (SU,(2 )), we see that it is
sufficient to prove that for p € Ny, we have

1/2
e (—q=2+2;g >}/2<q2p+2; @t
and that for p € N, we have
_ (Fa 2 ) (04 a4 (£)y ¢+
fr,&(—p—l)i,tﬂ? =v2 (¢% q2)1/2 FN(gO,p ) 7,8,0,t° (3)
) 0

From Lemma 1.9, it follows that

and

as o-weakly converging sums.



We will in the following use the alternative expression (1) for the function P;g which appears in
Proposition 0.4. Then using the formulas from Proposition 2.6, we get from the formulas in the
previous paragraph, after some easy simplifications,

(g[) ) r,8,D,t =
72 Z Z +q)quw+p(v+w+1)q2v( )q2w(w 1)

* vwely jeZ
v—w=t

1/2,__ 1/2,_ 95 1/2 ;
'(q2v+2;q2)w(q2p+2 q ) / (+q2] 2”+2,q ) / ( 27 2w+2;q2)w/ (iq2j+2;q2)oo
(0% ¢*)w(ah; ")
(£
”U

—2w —2v —2p
q q q +
© 392 ( | q27 q2> )] 1®erip—wt; ® egv_)j_1 ® estv—p—j,

0 0

where we recall that by convention e, = 0 when a ¢ I_. Now we apply the change of variables
j = w + m. Changing then the order of summation, we get, using still the notation J+) = Z and
J) =N,

FN(géj(_))) :_s,p,t =

1/2
1 etp+op+t2—t)\d" 59 ) q o 27‘1 — \m _1yw,w(2v+2p)
(=1)Pq (Fa) (-1)"q
2 i mneJ(i) v,w=0
m—n=t v—w=t
_ — 2
'(q2v+2;q2)w(+q2n+2 q ) 1/2 (+q2m+2 ) 1/ ( 2m+2w+2’q )
(2% a*)w

—2w —2v —2p
q q q + +
© 392 ( 0 0 | q27 q2> 6(711)71 ® erqptm ® e(fn)%l ® es—n—p-

Now with the conditions on m,n, v, w as in this summation, we can write

_ 172
— 42, 2\1/2/— 2m+2. 2\1/2 _ (F¢*"*%5q )oé — 2m+2, 2
(F" %) (FE 7)) = —y )1/2(+q 14 )w-
+4q

Then we can apply the summation formula in Proposition C.1 with = +¢?™ and y = +¢*" to obtain

(gO 0 ) 7‘75’107 =

1 p L 2tp+2p+t2—t) (_1;q2)p(q2p+2; qz)(l)é2 t o
5(_1) q2 ( 4. 4) Z(il) Z (-I-C_Z)

s = mne(E)

m—n=t
e, 12 T 2N
+4777%5q T . i

. (F E: 3 (2]t+2 | 2, L2t e(,n)f1 ® €ripim @ 6(77271 ®esnyp.
(Fa>"+%6%)) q

Plugging this into the right hand side of equality (2), a straightforward comparison of coefficients
proves the validity of the identity (2).

The other case (3) is entirely similar. We first write P;g again in the jpo-form as in the previous case,

as this then simplifies immediately inside the expression for &', ,,. Next, for u € {—,+}, write the

NG =D g @G,

+ jeN

expansion for I'n (G (“))
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and, when evaluating it on 5: 5,0, use the formula in Proposition 2.6 for the factor Q’(()j*;-“ ), and the

slightly different expression given in the remark below that Proposition for the factor QJ(-?. We find

(g(“)) 78,0t —
1 1 vw+sv(v—1 w(w—1
5( )1/2 i q 1/2 Z Z 2 1)’q el

q4;Q) (q q t vwelt+ 4,j€Z

v—w=t 1—j=p

1/2
q ) / (q 7q) (q2w+2 ) (+Mq23+2 2)00
(Fa*25 4% oo

—2w —2j —2p
4 tq q 2 2\ (+ N
w2 ( 1‘172@' 0 [4"q ) 1(’ l;) 1 ®€r—w+j ® eguji—l @ €s+v—j+p-

21—2w+2.

1/2 ,__
) (Fug®—2+2,

If we then apply the change of variables j = v+m and ¢ = w+n and change the order of summation,
we obtain

.U)) + —
,p/5rs,0,t —

(- “)tqit(tﬂ) Z Z 2m+2 242, 21172
(FO)™(Frg™ 5, Fa" % ¢%) b
(0% M) (% o (g > T sro

O~

I'n(G

N =

2n—2p+2w+2  2n—2m—2p+2w+2 2w+2. 2
np+w+7qn m—2p+2w+ w+,Q)oo

($q2n+2w+2; q2)oo

4

o
Z w 2w 2n—2m—2p)w (i:uq

—2w 2n+2p—2w —2p
q tq + +
3P2 ( $q—2n—2w 0 | q27 q2> 6(_£)_1 ® ertn—p @ e(—n)—l ® €s—m+p-
Using then the summation formula in Proposition C.2 with # = +¢?" %P and y = +¢*™ (and with the

+ in that Proposition replaced by i), and plugging this expression for I’ N(g“‘ ))fr 50, into the right
hand side of the identity (3), we can again conclude that both sides are equal.
O]

4 The linking weak von Neumann bialgebra between
SU,(2) and E,(2)

The main part of this section consists in showing that, in Theorem 0.9, the A, with u,v € {+, 0} are
coassociative. This will then let us conclude the proof of that Theorem in a straightforward manner.

For the {0, +}-part of (Q, Ag), we do not have to go through as much trouble as for the :S’\(jq(l, 1)-case,
as we have already treated a lot of material concerning it in [2]. Let us state one of the main results
from that paper (see Theorem 3.13 and Theorem 4.4). We will use notations as in the introduction.
Also recall that the operator Ly, we will use was defined in Definition 2.7.

Proposition 4.1. There exists a unital, normal, coassociative *-homomorphism

oL 20,00 2(0,4) 2(0,00.2(0,0)  .2(0, +)@.2(0, +)
' ( L(+,0) L(+,+) ) - < L(+,00L(+,0) L(+,H)QL(+, +) )

which restricts to maps

Lt L(1,v) = L0 )@L (1,),
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and such that T'og = A ., (Bq(2))’ Ly = Agx(su,() and

a0
Ao+ (Lo+) = Z q q k U0L0+b ®U0L0+( qbi)kv

this last sum being convergent in norm.
The coassociativity of the A, will then follow immediately from the following Proposition.
Proposition 4.2. For all i, v € {0,+}, we have Ay, =Ty,

Proof. We first remark that we have not substantiated yet the claim that A, in the form represented
in Proposition 0.6, equals the comultiplication in Definition 0.5, which we will momentarily write as

A (By(2)) for distinction. This equality will be proven in the course of the proof.

We observe that the Proposition will follow once we prove that Ag(ag) = Too(ag) and Aoy (Lo+) =
T4 (Lo ). Indeed, suppose this is satisfied. Then as the equality

(Agr(su,2) =)A+ =T
was part of the previous Proposition, we will have that, for x € £*(SU,(2)) and m € Z,
Ao (ag Lo+x) = Aolao)" Aoy (Lo+)A4(x)

Lo(ao)™To+ (Lot )T+ (z)
= To+(ag' Lo+).

But the elements of the form a'Loix are easily seen to be o-weakly dense in .Z(0,+). So then
Ags = g4 follows from this. As in the beginning of Proposition 3.2, this will allow us to conclude
Ay =T, for all p,ve {0, +}.

We now first show that Ag(ag) = ag ® ag. By the definition of A as given in Proposition 0.6, this
means that, for r, s,t € Z and p € Iy = Z, we should have

0 0
fr,S,p—l,t = Z qu (p,v,w)ep,—1 ® Ertp—w @ €w—1 @ €s_pyy.

v,welp
v—w=t

Comparing coefficients, this reduces to the identity

P(?Q(p_ 171} - 1,11) - 1) = sz(p,U,’(U)
for all p,v,w € Iy. This is in fact immediate from the definition of PL?Q, as the formula only involves
pairwise differences of the v, w and p.

Thus the only point left to prove is that Aoy (Lo+) = T4 (Lo ). Choose a vector §T spt Withr, s, t € Z
and p € I, = N. It is then sufficient to prove that A0+(L0+)§T’S,p7t = I‘0+(L0+)§T’S,p7t. Using the
definition of Ay, and the formulas for Lo, and T'g; (Lo ) stated in the previous Proposition, this
becomes the identity

2042 2w+2. )1/2
b

q

[ee]
1/2 q »q
(@)L, = > Ph (pw,w)(—Q)qu(”*w)( tTon

eyt @ €ryp—rwik Q€y—t Q Es—pry—k-

23



Multiplying both sides with (—q) ?(¢?; ¢*)o(¢**?; qz)o_ol/ 2, and using the definition of P(?z (see Propo-

sition 0.6) and the expression (1) for the function Png (see Proposition 0.4), this becomes

_ —w)(v— 0 _
Z (_q) wq(p w)(v w)\Il < q2v72w+2 |q2,q2p 2w+2> ey ®€r+p—w ® ey ®es—p+v

v,wely
v—w=t
© 2042 2w+2 2k+2. 2 — _ _
_ Z (_ )k vw+(p+k)(v+w)(q vt 7qw+ »q + 54 )00 q 2w q v q p | 2 2
- q q (q2,q2)oo 3902 0 O q ’q
v,wel; k=0
v—w=t

€y kO Crip wik @€y kQ€s pry k-

But the coefficients on the right hand side make sense for all v, w € Iy, and are moreover = 0 when v
or w is not in I,. We may hence take the summation on the right over Iy, and then a comparison of
coefficients shows that we must prove the following summation formula: for all v,w € Z and p € N,

_ _ _ 0 _
(_q) wq(p w)(v w)‘l} ( q2v—2w+2 |q2’q2p 2w+2> _

i (_q)kq(v+k)(w+k)+(p+k)(v+w+k) (q
P (% 4®) o

—2w—2k —2v—2k —2p
. q q q 2 2
3¥2 < 0 0 | q,4 ) .

But, with ¢ = v — w, the right hand side can be rewritten as

204+2k+2  2w+2k+2
) )

q

%72, ¢%)o0

0 — _ ot _

_ Nk—w  3k2+2(t+p—w)k+(p—w)t (q2k 2w+2’ q2t+2k+2; q2)00 q 2k q 22k q » 2 2
(=) g 2. 2 32 la*,q° ),
= (4% %)k 0 0

and the identity then follows by applying Proposition C.3 with respect to z = ¢2% and y = ¢*!. This
finishes the proof.
O

Combining this result with the work of the previous section, it is now an easy task to finish the proof
of Theorem 0.9.

Proof (of Theorem 0.9). Using the notation introduced before the Theorem, we have shown in the
previous sections that all maps A, are coassociative, except for those with p # v inside {—,0}. But
take x € £(0,+) and y € Z(+, —). Then from the definition of the A, it follows immediately that
Aop—(zy) = Ao+ (x)As_(y), and hence

(Ao- @ 1)Ao—(zy) = (Dos @ 1)Ao+(x)(A—0 ®1)A_o(y)
= (t®A804) A0+ (2)(t@AL_)AL_(y)
(t® Bo-)Ao—(zy),

where the second identity follows from the results of the previous sections. As the set
3(05+)$(+7_) gg(oa_)

is o-weakly dense in £ (0, —), we have proven that Ag_ is coassociative. The coassociativity of A_
then follows immediately by applying the *-operation. This concludes the proof.
O
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Remark: One can also prove an analogue of Theorem 0.9 if we replace SU,(2), Eq(2) and fS\Ijq(l, 1) by
the respective Zp-quotients SOy(3), E4(2) and :g\[jq(l, 1)/Z3 = O4(1,2) (although this final quantum
group may require a different interpretation, see the remark after Definition 0.8). The reason is that
the actions of SU,(2) on the Podles spheres descend to SO,(3), so that one may equally well apply
our theory of projective corepresentations to SO, (3) with respect to the standard Podles sphere and
the quantum projective plane, as to obtain in this way a 3x3-linking weak von Neumann bialgebra
between the mentioned quantum groups. In fact, the only reason why we have worked with their
double covers is that these have received more attention in the literature, so that it was easier for us
to refer to the known results concerning these quantum groups.

A On the tensor product representations of Z*(SU,(2)),
L7 (Ey(2)) and Z7(SU4(1,1))

Let us comment on the proof of Proposition 0.4, Proposition 0.5, and the equivalence of the Definition
0.8 with the one in [11]. We will use the same notations as in the introduction.

For the case of SU,(2), there are several references to give. In [12], the spectral decomposition of the
operator A (b% by ) was found. This was given in terms of a basis ﬁ’rfs,m of >(Z)RI*(Z)®#, . (The r-s-
variables were not present in that description, as one worked with a different, irreducible representation
of the polynomial function algebra of SU,(2). But the insertion of the extra r-s-variables is entirely
straightforward, and simply a question of doing some small bookkeeping on shifts.) However, for the
action on the p-t-part to be ezactly the same as the original representation of . £*(SU,(2)) on %,
one should add some minus-signs: the correct basis then becomes F,,J;,p,t = (—1)”1?‘:571)775. That the
associated unitary Fys,¢ — €, Q@ e ® e, ® e; then implements the comultiplication on £ (SU,(2))
was presented in detail in [7] (we would like to thank W. Groenevelt for providing this manuscript).

Now the concrete formula for the Frfs,pi is

FrJ,rs7p,t = Z (_1)pr(q2p; q2t | q2)€w+t @ ertp—w @ ew @ es—ptitw,

weN

where P, is the normalized Wall polynomial:

1/2
2A+2 2042, q2)oé ( 2t+2. qz)

i
1/2 1/2
(4% a5 (a2 4!

_ q
Pu(q®; | ) = (—1)vqr-m)t+n Y (@ 2,0 ),

—2w 0

with py(¢?P;¢%,0 | ) = 201 ( 4 202 | ¢%, q2p+2> the ordinary Wall polynomial (of degree w in

the variable ¢?P with parameter ¢?!). One then uses a limit version of the identity II1.(3) of [6] to
arrive at the expression we used in Proposition 0.4 (this was also observed in the remarks following

Proposition 3.3 of [11]). On the other hand, using the transformation which appears at the end of
section 2 of [12], we get the expression (1) for the functions Pqt appearing in Proposition 0.4.

We remark that an implementing unitary for A, (in fact, a concrete description of the regular left
corerepresentation of SU,(2)) was also obtained in [15].

Proposition 0.6 was proven in the course of Proposition 4.2. However, we should remark that in [10],
a spectral decomposition of the operator Ag(bgbg) was obtained. This gives an eigenvector-basis that,
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as with [12] in the previous paragraph, is almost the same basis as the one we obtain, but modulo
the appearance of some extra minus sign. We should also note that

PO (s v;w) = ()" " Jomu(d” 54,
where J,(z;¢?) is the 1p1-¢-Bessel function

1 0
Jao(2;¢%) = Zam‘l’ ( 2o+? | q2aq222> -

Finally, we must comment on the definition of g\ﬁq(l, 1) we presented. The equivalence with the one
in [11] is again straightforward, though there is now an extra element which should be observed.

We first introduce a certain operator € € foo(?ﬁq(l, 1))®$°O(S’\l7q(1, 1)). As e is a self-adjoint
unitary inside £ (S\ﬁq(l, 1)), we may identify W*(e) with C(Zs), sending e to the identity function.
As e is group-like, this will moreover intertwine A_ with the natural comultiplication on C(Zy) coming
from the group structure on Zs. Denote then by w € C(Z2) ® C(Z2) the 2-cocycle function

) 1 | wp,v)=1 if pand v not both —
w.ZQXZQHS ’{w(,u,u)z—l if p=v=—,

and denote by 2 its image in foo(g'\ﬁq(l, 1))®$°O(§qu(1, 1)), using the above identification. More
explicitly, we have that € is given on JZ ® 7 as the operator
Ney®er Qew Wes =w(c(v),c(w))ey ®e, ®ew  es.
The 2-cocycle property of w will give the following identity for Q:
Q- 1A ©)(Q) = (180 )t®A_)Q),

i.e. © is a unitary 2-cocycle ([5]) for A_. This implies that (.foo(g\qu(l, 1), QA_(-)Q*) is again a
well-defined von Neumann bi-algebra.

Let us now turn to the definition of S’\(jq(l, 1) presented in [11]. We first remark that in [11], one
identifies our set /_ with a subset of R by the correspondence p4 <> ¢ ?. Denote then by F, g, +0-»
the basis elements introduced in Definition 3.6 of [11]. One computes, using Result 6.4 and Proposition
6.6 of [11], that the following relation holds between the vector bases F and £ :

fr?'s?m?iq_p = Q£T7S7p’m :

This implies that, if we denote by A_ the comultiplication as introduced in [11] by means of the
vector basis F, we have the following relation:

A (z) = QA (2)Q*,  forall z € L*(SU,(1,1)).

But in fact, (Zoo(g\[jq(l, 1)), QA_(-)Q*) is just an isomorphic copy of (,%Oo(g\ﬁq(l, 1),A_(-)). To
see this, we remark that, as we have taken w as an S'-valued 2-cocycle on Zo, it is a coboundary: we
have w(p,v) = % with f(+) =1 and f(—) = i. Denote then

u: I — A ep®er — flc(p)) ep ey,
and denote N Ny
¢ L7(SUL(1,1)) > LP(SUL(1,1)) : & — uau®.
Then one gets that Q = (v* ® u*)A_(u), and so
A_(p(x)) = (¢ ® ¢)(QA_(2)Q¥), for all z € foo(g’\(jq(l, 1)).

This thus proves that (Ew(g\ﬁq(l, 1)),A_) and (Zoo(g\(jq(l, 1)), A_) are isomorphic von Neumann
bialgebras, and justifies our use of the basis £~.
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B Spectral decomposition of &, (W)

In this appendix, we will determine the spectral decomposition of the action of SU,(2) on the equato-
rial Podle$ sphere and on the quantum projective plane. We are not aware of this concrete computation
having been carried out explicitly in the literature, but the method is quite standard (and could prob-
ably be shortened somewhat).

We will use the notation as introduced in section 2.2.

Proposition B.1. The eigenspace of the eigenvalue +1 of & (W) has a basis of orthonormal vectors

((ff), where t € Z and p € J&) | these vectors being given by the formula

— 1/2 1/2
om0 (Fg22 g2) (222042, 67) )
- 1/2 1/2

7=0 (~1: )L (% g

Proof. Denote, for t,p € Z,

en®er—n & epin.

HP =Uep,®@em@ep |m+n=tk—n=p})c ZQ(N)@)ZQ(Z)@F(N)»

where (S) denotes the linear span of a set S. Then, since for n,k € N and m € Z, we have, by the
definition of a4 (W) in Definition 2.2,

as(WM(en®em®@er) = ¢"(1— )Y — g™ 2, 1 @em1 @ e
+(1 - (1+¢)*")¢* e, @em e
_i_qnfl(l o q2n)1/2(1 o q4lc)1/2en_1 ®em+1 ®€k717

we see that &y (W) restricts to each # P, and determines there a Jacobi matrix.
We make a distinction in the analysis between the case p = 0 and p < 0.

First we consider the case p = 0. Then we have a unitary map [2(N) — #%P such that e, —
en®etn @epin. Under this identification, the restriction of a1 (W) becomes the Jacobi matrix w®)
with
W(p)en _ qn(l N q2n+2)1/2(1 _ q4(p+n)+4)1/2€n
+(1 = (14 ¢)g™)g* P e,
+qn—1(1 _ q2n)1/2(1 _ q4(p+n))1/26n71'

+1

Each eigenvalue then arises with multiplicity one, and an eigenvector at eigenvalue x is given by
n§f’ ) = > f,gp ) (z)eyn, where f}Lp ) is the sequence of functions satisfying fipl) =0, f(gp ) — 1 and

q"(1= U= gD, () (L= (14 g™ D ()

+qn—1(1 o q2n)1/2(1 o q4p+4n)1/2fT(LP_)1($) _ ZL‘f7(Lp)(IL‘)

Denote
2

4. 4N1/2
SO (@) = (1) 5 @7

459 )pin (»)
Pnp (_q
(¢ (¢% a2l

for some other function P,Sp ). Then Pr(bp ) should itself satisfy the recurrence relation

4p+3
=5=n 2p+2x)

)

(1 — g @) PP () — (1= (1 + ¢*)g®") " 2 + 1) PP) ()
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+q2n+4p+2(1 _ Qn)P(P_)l () = (z — 1)pr(Lp) (z).

Hence, for example by [9], section 3.11, we see that P(p)( ) = Po(;¢%, —q%"; ¢*), where P, (x;a,b;q)
denotes the big ¢g-Laguerre polynomial

o b = ¢ 0
Pn(:Eaa’baQ)_ 3302( qa qb |q (:I>

So 12
n? 4p+3 (q4 q4)p+n —2n 0

_2p+2
n —n?_dpt3 q P
ép)(ﬂﬂ) =(-1)"q 77 2 (qh ) /2( )1/2 3@2( g+ —g2rt2 |q2aq2>'
Now we know that the eigenspace 74, for the eigenvalue +1 of &, (W) will be spanned by the

1 n 5P We now show that each W® has eigenvalues 1 and —1.

We first remark that
—2n 2p+2 —2n
q 0 Fgq 2 2\ _ q 0 2 2
3@2( G2 — g2 la”,q ) = 21 ( 422 4" q )
Then, using a limit form of the ¢g-Vandermonde formula ([6], Equation 1.5.3), we get
2(p+1)n

q72n 0 2 2 —1\n n(n—1) q(
201 g2+ ", q" ) = (FD)"q (T )

Hence, using the formula (a?; ¢%), = (a;q)n(—a;q),, we get

) — 2. 2\1/2
D = g T
(g% )2 (T2 42y (£027+2; @)
il 2p+2. 2\1/2
i G Bt L

(g% g2 (g2 2>

So, by using a limit form of Heine’s summation formula ([6], Equation IL.5),
0 2p+2
SUPEE = o Iy 160-1)
n=0

(-1;¢% oo
(£¢%%2,¢%) 0

Hence +1 appears as an eigenvalue of W®) with eigenvector ngf) € %P, We then find that the inter-
section of the eigenspace %1 with the closed linear span of the # P with p > 0 has an orthonormal
basis consisting of the vectors

1/2

2p+2. 2)1/2 (+q2p+2n+2. qQ)OO

0
S (FaP%5q
= Z en @ et—n @ eptn.
n=0 (—1;¢2) % (@ )

We move on to the case p < 0. Now we have a unitary map [?>(N) — #*P such that ej corresponds
to er—p @ €1 k1+p @ ex. Under this identification, the restriction of &1 (W) becomes the Jacobi matrix
W® with

W(p)ek - qk_p(l o q2k—2p+2)1/2(1 _ q4k:+4)1/2

+(1 = (1 + g P)g* ey
+qk—p—1(1 o q2k—2p)1/2(1 o q4k)1/2€k—1-

€kt1
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Again, each eigenvalue arises with multiplicity one, and an eigenvector at eigenvalue z is given by
P~ > flgp) (z)er, where now f,gp) is the sequence of functions satisfying fgpl) =0, fép) =1 and

qkfp(l o q2k72p+2)1/2(1 o q4k+4)1/2f]§1l_;_)1(x) + (1 o (1 + q2)q2(kfp))q2kf]§p) (.73)

+qk:—p—1(1 _ q2k—2p)1/2(1 _ q4k)1/2flgzi)l (z) = xf,gp) (z).
Now put

L2 o (g7 2P (<2 7))
D(a) = (~Drg 7 L () )(1/2 D 0 (g2,
q%; ¢?

)

for some function P,gp . This P,Ep ) should then satisfy the recursion formula

(1 o q2k—2p+2)(1 + q2k+2)P]§Ij_)1 (x) . ((1 . (1 + q2)q2k—2p)q2k+2 + 1)P,§p) (x)
+? 2 (1= )P, (2) = (z = 1) P (a).

So Plgp) is again a big ¢-Laguerre polynomial, namely P,Ep) () = Py(x;q %P, —1;¢%). We then have

- L o2\1/2 2. 2\1/2 ok 9
_e2_carar (P ¢) (% 0P q 0 —q’x
f]f;p) (.’IZ’) = (_1) q 2 2 k 172 k 32 —2p+2 _ 2 | q27q2 .
(4% ¢?)y q 1

We now show that W has 1 in its spectrum, but not —1.

We first show that 1 is in the spectrum. Using again the ¢g-Vandermonde formula, we have

—2k 2 —2k
q 0 —q 2 2 q 0 2 2
3¥2 ( q—2p+2 _q2 | q,q ) = 2¥1 ( q—2p+2 | q,4 )

—2pk+2k
= (DAY s
(g 2P*2 ¢k

Then p1/2
TS (¢ ¢%)y

W =a g™ .

(4% ) (722 2),

So, using again the limit form of Heines summation formula, we get

o0 _q2
SIPOP = e ( b 120
k—0 q

(=7 ¢%)w
(242 ¢
Hence the formal sum ngp ) gives in fact a well-defined element inside # %P, and we find that the

intersection of the eigenspace .7 with the closed linear span of the #*? with p < 0 has an orthonormal
basis consisting of the vectors

o0 2. N1/20 ok opr2 2\1/2
t, ko) o (=g @) (PR P
é'( p) _ Z q 2 q pk - 12 12 6k—p®et—k‘+p®6k'
k=0 (—¢ ;¢%)b (0% 42y,
Now for n = —p, we have
1/2 1/2 1/2
(—a% ("2 2 (=g% )Y (2202 g2)Y

I

1/2 12 1/2 12 1/2
(a2 )L (2 aE, (2 ) (a2 )Y (a2 a0

29



and

1/2 1/2
(—a% ) _ 20 (P ) /
1/2 1/2 1/2
(—a2 22 q2)ik* (g 7; %)) (-1
Hence we can also write
© (242, 2 1/2 2p+2n+2. 1/2
t, nn=1) (—q yq q »q
n=0 q q q

which is precisely the same formula as for the p = 0 case. Indeed, we could also have checked directly
that this is also an eigenvector of norm 1 for the eigenvalue 1.

Now we show that W () has no eigenvector for —1 when p < 0. First remark that, using the transfor-
mation formulas (II1.5) and (IIL.1) of [6], we can rewrite, for —p > 0,

—2k 2
q 0 ¢
3¥P2 ( q72p+2 2 | q27 q2)

q
—2k —2p
_ q q
= (—¢ %,Q) ! 21 —2p+2 |q2,—q2
q
_ (¢ ;¢ oo(—q 1% ¢H) o ( ¢ 2—16(122 | q_2p)
(=222 ¢®) (-2 ¢%) o —q ’

But clearly

2 2 2 2
q —q - q —q —
1< 201 ( g2k |q2,q 2p) < 2%01( e |q27q 2p)

for all —p > 0. So to see if 37, |f/,§p)(—1)|2 = 400, we have to check if

—2k+2. 2)2

—2pr2 :q%)%,

(=% ¢*)i(—q
L) (—q 2k ¢?)2

Leaving out more non-essential factors regarding the convergence, the sum simplifies to

= +00.

)k
(¢?

e8]
3 g (¢
k=0

0
—k2 2p+3)k(1+q—2k)—2

)

k=0

which is clearly divergent.

O

It is now not so hard to find the complete spectrum of & (W) by using the operators @, (Y) and its
adjoint, as given in Definition 2.2.

Proof (of Proposition 2.4). The fact that &, (W) will have its spectrum inside {+¢*",0 | n € N}, with
0 not in the point-spectrum, is immediate.

Using the same notation as in the previous proposition, denote, for » € N and ¢,p € Z, by Ji/,fi’_’ the
eigenspace of the eigenvector +¢*" inside # P (which could be zero-dimensional). Then for r > 0,
we have, by using the commutation relations between W)Y and Y*,

&-l- (}/7)‘%/7"?7 ‘%/t 27p+17
~ t, t+2,p—1
ay(Y)* ot = o P

T, T
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(t.p)

r+  the formal eigenvectors which we denoted as n(p )QT c b

Denote, for r € N and ¢,p € Z, by 0,
in the previous Proposition. Then by combining the above remark concerning & (Y') and its ad-
joint with the previous Proposition, we see that in the +-case, all values of p and r correspond to
actual eigenvectors, while in the —-case, we have the restriction r + p = 0. Moreover, the linear span

of the 777(, P ), where r,+,t and p range over all admissible values, will then be a dense subspace of

2(N) ® 12(Z) ® I2(N).
Now we have, by comparing leading coefficients in the standard basis decomposition, for p > 0 that
~ t, t+2,p—1
(Y = g1 — ") P2, (4)

while for p < 0, we have

~ t, (¢t t+2,p—1
a (v = U=yl p+1777(~:1f ) (5)

Since YY* = 1 — ¢*W? by an easy computation, we then have, taking norms of both sides, that, for
p>0,
4 4 t,p))2 2 4 t+2,p—1) 2
(1= g DR = 21— ™) 20V,

and for p <0,
(14 g2r+2)2

dr+dy (P2 _
(1 =g = )

_ t+2,p—1
2042 | (2= 2

By induction, we then find the following formulas for the norm squared of the n-vectors: if p = 0, we
have

[P = g2 (a%aY)r(=1:¢)w
Mr,+ (q4p+47q )T(+q2p+2r+2 q2)oo7

if r+p=>02>p, we have

PP = _pz_p_m(qQ;qQ)fp(JquT“yq) (—1;:¢%)oo
(£q2772; %) oo (T2 12012, 2)

and for 0 > r + p > 0 we have

—2r—2p.

Hn(typ)HQ q 2_r42rp (q2;q2)r(q2;q2)— ( q 4 )
(=% a3)r (6% 6%)—p—r (a2 2712 %)

Denote by &, ¥ (t’p ) = H(TS’ZZ;H ngfjip ) the normalized eigenvectors for & (W) (the reason for the extra sign

(tp) -

p4+ 1o the previous

factor (F1)" is that Proposition 2.5 would hold). Then, from the expressions for 7,

Proposition, together with the above formulas for the norm, we have concrete expressions for the fgjip )
in terms of gpo-functions. We next want to write these in a different form.

Using, for p > 0, the transformation formula

; q72n 0 $q2p+2r+2 |q2 q2 _ (_1)71 ($q2p+2r+2;q2)n
3¥2 L2+ Fgpt2 ) (Fq 2727 ¢2), (¢ 12 ¢2),,

. q—2n q—27‘ iq—Qp—Qn | 9 o
3@2 1q—2p—2n—2r 0 q 7q 9

which is a combination of the identities (II1.5) and (IIL.6) of [6], we find, after some simplifications,
that the {T for p = 0 satisfy the formula in the statement of the Proposition.
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In case p < 0, we can use the same identities to get, for K = n + p > 0, the transformation formula
—2k — 2742
q 0 Fgq 2 2) k—p;_—2p\k (F* % %)
32 _ ¢ a7 ) = (D" (=g P)'—
( g —¢? (—q 2% ¢ k(g 242 g%y,

—2k+2p —2r + —2k
q q Tq
©3P2 - —2k—2r |q27q2 )
+q 0

2r+2.

from which, again after some simplifications, we see that the formula for fT P) in the Proposition

is still valid in this case (where we note again that, in the case of negative elgenvalues, the r,p are
restricted by the condition r + p > 0). O

C Some summation formulas for basic hypergeometric
functions

Proposition C.1. Suppose x,y € Cy and p € N. For w € N, write

o0y = (1)eg2e o Ty C )@ 5 ) (0w
o Y (4% ¢*)uw
Then
*© —2w 2wy —2p 1
2 9 (@,y) sp2 ( R |q2,q2> = (Li¢*)p¥ ( 2 |q2,q2”+2x> :
w=0 y

Proof. As the 3po-term is a polynomial of fixed degree p, it is easy to see that the double sum on
the left hand side is absolutely convergent, so that we can change the order of summation later on.
Moreover, both sides are analytic in each variable z and y, so we can also restrict our attention to
the situation z,y ¢ +¢%%

Then the identity can be rewritten in the form

Z w 2w2+2pw( )w (—q2x;q2)w 309 < q72w QQw% q72p |q2 q2)
= v (P50 w(@® 5 4P )w(a? ¢ w 0 0 ’

(—1;q2)p — 2 2p+2
@5 Dolr e \ 22 1T

Now on the left hand side, we can expand the 3ps-term as a sum ranging from 0 to w. Changing the
order of summation, we can write the entire expression as a double sum over [ : 0 — o0 and w : | — o0.
Then changing the variable w to w — [, and reversing the order of summation again, the above left
hand side expression can be simplified to

0

o
2 (_1)wq2w2+2pw(£)w ( q €L q Z l 2lp q 2p7q ) ( q x;q2)l
vy (@*5:)w(d®T; ) = (®22;6%)1(q% ¢*)

2w+2

w=0

“2 2wty

Now the sum over [ is just 2¢p1 ( 2w+2,, | ¢, —q2p). By the ¢-Vandermonde formula ([6],

q
(1.5.2)), this equals %. So our left hand side expression becomes
) P

—1iq p Z w 2w +2pw(x)w (—q2fc;q2)w (6)

T 0% o Yy (50 w(@d® 2 6*)w(d® 6w
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Now the sum over w can be written as

2 —1
. —q T C 2 2 +23§'
lim —cqgPT = ).
Cl 3 22 ( q2p+2$ q2§ | ¢°, —cq y)

Using (II1.4) of [6], this becomes

1.
(_iqu)OO 201 ( —q2x 0 | q2 _1)
2£.q2 - q2p—&-2aj ) y )

which by [6], (III.1) can be transformed into

1 1
] y q2’ q2p+2x )
(@°P %2, ¢° 51 %) (qz”; |

Then plugging this back into the (6), we find the identity we were after.

Proposition C.2. Suppose p e N and x,y € Co with x ¢ —¢ 2N"2P=2_ For w e N, write

(p,2) w w2, T (00700 (£ 205 ¢%) o (225 4
(z,y) = (F1)"¢™ (~) 53
y (4% ¢*)w

Gw

Then

H

e —2w —2wl —2p =1
gt q a7 4 2 2\ _ ty 2 42
Z: w 3902< _q72p72w% 0 |Q7q v +q2+ z |Q7—qx .
Proof. As for the previous Proposition, both sides of the identity are analytic in x and y, so we may
restrict our attention to the case z,y ¢ +¢*2. We will then only give the proof for the +-case, as the

—-case is completely similar.

We again expand the 3ps-factor on the left hand side as a sum over the variable [ : 0 — w, change the
order of w and [, replace w by the variable w — [, and again change the order of summation. Then
we obtain that the expression on the left hand side can be simplified to

Z(_l)wq2w2(£)w — ( q

vy (54w (qxq Juw(q

425 42),

l l2+l 21( w+p)( ) (q72p;q2)l

%q%) y' (@25 a%)i(a% a? )

”MS

1 q°)

w=0
q
The sum over [ thus equals ¢ ( Pure | q2,q2“’+2p+2§), which, by the limit form of Heines
v q2w+2p+217q2)
summation formula ([6], (IL.5)) can be reduced to W. Then the sum over w can be

rewritten as

L 2p+2 -1
2p+2§ lim q z ¢ 2 —c 2%
(q y’q )oo e 202 q2x q2p+2% | 47, —cq "

which, by using again [6], (II1.4) and (IIL.1), reduces to the right hand side of the identity we wanted
to prove.
O
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Proposition C.3. Suppose x,y € C and p e N. For k € N, write

2k+2 2k+2

2, 2y; %) oo
(@®:4%)k

fk(;p) — (_q)kq3k2+2kp(xy)k (q
Then

0 —2k -2kl _—2p
q q q 0
S P, y) s v 1* ) =9 { 5 1),
0 0 ay
k=0
Proof. Both sides of the identity again depend analytically on the variables z and y, so we may sup-
pose that z,y ¢ {0} U ¢?Z.

As in the previous Propositions, we again expand the 3po-factor on the left hand side as a sum over
the variable [ : 0 — k, change the order of k£ and [, replace k by the variable k — [, and again change
the order of summation. Then we obtain that the expression on the left hand side can be simplified

to
2k+2,. , 2k+2

S k_3k242pk k(q T, q Y; qZ)OO q72p 2 2k+2p+2
D (=) T () 11 ( 252 | q% ¢ :c)
k=0

(®: 4%k

2R H2502) L. . . .
5% by the limit version of Heines summation
(q2k+21‘;q2)(ﬁ

formula (equation (1.5.1) in [6]). The remaining sum over k can then be shown to equal precisely

But the jpi-expression can be simplified to

0 - . . .
LG ( 2y | ¢%,¢**"22 ) by a (double) limit version of Jackson’s transformation formula (equation

(1.5.4) in [6]). This concludes the proof.
O
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